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SUMMARIES 
It is well-known that Cauchy (1829) provided the first 
general proof that the eigenvalues of a symmetric matrix 
are real. Furthermore, Cauchy's paper initiated the 
developments that resulted in the creation of a substantial 
spectral theory of matrices by the early 1870's. The 
following essay relates Cauchy's work and its historical 
significance to the consideration of eigenvalue problems 
during the 18th century. 
Bekanntlich gab Cauchy den ersten allgemeinen Beweis, 
dass die Eigenwerte einer symmetrischen Matrix reel1 sind. 
Auch fing Cauchys Arbeit eine Entwicklungsrichtung an, 
die zur Schapfung einer inhaltsreichen Spektraltheorie 
der Matrizen bei Anfang der 70er Jahre geftihrt hat. In 
der folgenden Vntersuchung werden Cauchys Arbeit und deren 
Bedeutung fiir die Entwicklungsgeschichte der Spektral- 
theorie in Verbindung mit der Betrachtung der Eigenwert- 
probleme im 18. Jahrhundert gebracht. 
1. Introductory Remarks 
This paper is one of several projected essays on the history 
of the theory of matrices in the 19th century. [l] Historians 
writing on this subject have tended to emphasize the role of 
Arthur Cayley. Elsewhere [197?a, 197?b] I.argue that Cayley’s 
role has been grossly exaggerated and that both the motivation 
and significance of his work has been portrayed incorrectly. 
The following essay is based upon the view that there is much 
more to the theory of matrices -- and to its history -- than 
the formal aspect, i.e. the symbolical algebra of matrices. 
There is also a content: the concepts and theorems that make 
it a bona fide theory. An important part of that content is 
what I have termed spectral theory: the concept of an eigenvalue, 
the classification of matrices into types (symmetric, orthogonal, 
Hermitian, unitary, etc.), the theorems on the nature of the 
eigenvalues of the various types and, above all, those on the 
canonical (or normal) forms for matrices. 
Spectral theory, as a coherent mathematical theory, was 
created in the period 1826-1876 as a theory of linear substitu- 
tions and bilinear forms. Neither Cayley nor the symbolical 
algebra of matrices played any role in the creation. These 
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developments were initiated by Augustin Cauchy in a paper [1829] 
in which he proved that the eigenvalues of a symmetric matrix 
(or system as Cauchy referred to it) are real and that the 
corresponding quadratic form can be transformed into a sum of 
square terms (i.e., “diagonalized”) by means of an orthogonal 
substitution (= linear transformation). 
The purpose of this paper is to relate Cauchy’s work to the 
consideration of algebraic eigenvalue problems during the 18th 
century. The 18th-century work has a fascinating history which 
is essential for an understanding of spectral theory in the 19th 
century, particularly Cauchy’s work. A careful analysis of the 
18th-century background has, however, apparently never been 
undertaken. Neither the contributions of the 18th century 
geometers nor the relationship of their work to that of Cauchy 
has been accurately portrayed. The following essay concludes 
with the work of Cauchy and its immediate impact. A future 
essay will be devoted to the further developments in the 19th 
century. 
I have stressed that spectral theory in the period 1826-76 
developed without matrix symbolism. For the sake of brevity, 
however, I shall use some modern symbolism notation. For example, 
where an author would write 
AllXl 
+ A12x2 + . . . + Al& = xx1 
(11 . . . . . . . . . . . . . . . . . 
AnIx + An2x2 + . . . +A nn"n = Ax n 
I shall frequently use the matrix equation AX = AX, where 
A = (Ai.), X = (x1 x2 . . . x )t (t = transpose). The reader 
should ieep in mind that soiething akin to (1) was actually used 
at that time. Also keep in mind that although the index nota- 
tion in (1) was popularized by Jacobi, many mathematicians, 
before and after, developed other notations. 
Some anachronistic terminology will also be used. Polynomials 
of the form p(h) = IA - 1x1 I call characteristic polynomials. 
In the 18th century p(X) = 0 was regarded as the equation 
obtained by eliminating the x. from (1). After Cauchy made 
the determinant concept the ba&.s for a substantial theory (1812), 
p(X) gradually came to be regarded as a determinant. Later 
(1839) Cauchy introduced the term “characteristic equation” for 
p(h) = 0. No use was made then of the terms “eigenvalue” and 
“eigenvalue problem,” but I shall use them. 
2. Eigenvalue Problems in the 18th Century 
In reflecting upon the achievements of the 18th century, 
d’Alembert wrote in the Encycloptiie of a transition from the 
17th-century age of mathematics to the 18th-century age of 
mechanics [Kline 1972, 6161. Certainly he was correct in the 
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sense that some of the greatest achievements of the 18th-century 
geometers involved the application of the new analysis of the 
17th century to various problems in terrestial and celestial 
mechanics. Furthermore new ideas and devices originated from, 
or were inspired by, mechanical problems. This is the case with 
spectral theory. Its origins are to be found in the analysis 
of various mechanical problems which involved consideration of 
an algebraic eigenvalue problem. Since the solution of mechan- 
ical problems was the primary objective, the mathematics 
remained ancillary, but the physical theory compelled the 18th- 
century geometers to concern themselves with mathematical 
questions about the nature of eigenvalues. 
Algebraic eigenvalue problems first arose in the 18th century 
in connection with the study of discrete mechanical systems. 
Such a system arises, for example, by considering a weightless 
string loaded with a finite number of masses. Fix its ends and 
describe its vibratory motion. Or fix it at one end, and 
describe its motion as it swings. These and other particular 
problems were investigated and gradually clarified during the 
first half of the 18th century, notably by Jean and Daniel 
Bernoulli, d’Alembert and Euler. Their work has been treated 
extensively from the standpoint of the history of mechanics, 
and Euler’s role therein, by Truesdell [1960] and need not be so 
treated here. In fact, the purpose of this section is not to 
discuss every eigenvalue problem that was treated in the 18th 
century, but rather those that turned out to be relevant to the 
work of Cauchy and his successors. Thus the focus of this 
section is on the second half of the 18th century and on the 
work of Lagrange and Laplace. 
The context within which most eigenvalue problems arose 
during the second half of the century was that of the integration 
of systems of linear differential equations with constant 
coefficients. D’Alembert, motivated by the above-mentioned 
swinging string problem, seems to have been the first 18th- 
century geometer to consider such differential equations. 
Although Daniel Bernoulli had already discussed the string 
problem, he had regarded the motion as too irregular to be 
treated by analytical methods [Truesdell 1960, 1561. 
D’Alembert’s approach, which he presented in his Trait6 de 
Dynanique [1743, Art 98ff], led to a system of differential 
equations of the form 
(2) 
d2yi n 
-+ c 
dt2 k=l 
Aikyk = 0, i = 1,2,...,n. 
Here yi = yi(t) is the horizontal displacement of the ith 
mass from the vertical position of rest. Most of D’Alembert’s 
detailed considerations were restricted to the cases R = 2,3. 
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For n = 3 the coefficient matrix (Aij) was: 
5 -2 0 
-2 3 -1 
0 -1 1 . 
In this case, he introduced the following idea to solve (2). 
Multiply the ith 
taken equal to 1, 
equation in (2) by a constant Vi, vl 
and add to obtain 
(3) 
n d2Yi 
c vi - =c ViAikYk = 0. 
i=l dt2 i,k 
Then if the Vi are chosen so that 
(4) 
n 
c ViAik + iiVk = 0, k = 1,2,. . . ,n, 
i=l 
n 
the substitution u = C Viyi reduces (3) to 
i=l 
(5) 
In the first edition of his Trait6 [1743], d’Alembert was 
unable to fully develop the above idea into a method of integra- 
ting (2), because, surprisingly, he was apparently unaware of 
the nature of the general solution to (5). After he discovered 
it, possibly inspired by Euler’s [1743] use of the exponential 
substitution to solve the general linear differential equation 
with constant coefficients, he returned to the subject and 
presented the full development of a method of integrating systems 
of linear differential equations in a memoir [1750] presented to 
the Berlin Academy in 1747. He chose to explain it by applying 
it to the system (in his notation) 
dx + (ax + by + cz)dt = 0 
(61 dy i (ex + fy + gz)dt = 0 
dz + (hx + my + nz)dt = 0 . 
In order to convey the flavor of d’Alembert’s work and its 
relation to Lagrange’s, we indicate his solution to (6). 
Multiply the second and third equations in (6) by v and P , 
respectively, where -- condition (4) -- 
(7) [A =] a + ev + bp = 
b+fv+m=c+gv+m 
V lJ * 
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Elimination of u from (7) yields a third degree equation in 
w  . If v = P*P'rP" are the roots of the equation and m,m’,m” 
the corresponding values of P , (6) becomes (our notation) 
(81 du(i) + Ai Uci)dt = 0 i = 0,1,2, 
where uci) = x + pci)y + mci)z, Ai = a + epcil + hci) . 
Hence integration of (8) yields 
(9) X + pci)y + m(i)z = ,(i) eXp(-lit), i = 0,1,2. 
D’Alembert left the solution in this form and simply remarked 
that “From these three equations the values of x,y, z are 
obtained and the constants g,g’,g” are determined by the values 
which x,y,z must have when t = 0 or when t is equal to a 
given constant” [1750, 2871. 
D’Alembert realized that his method might present difficul- 
ties if the roots v are not all distinct; but, as he explained 
in a scholium [1750, Art SO]: 
It can always be supposed that all the values of v are 
unequal. All the coefficients a,b,c, &c, or just one of 
these coefficients, need only be augmented by an infinitely 
small quantity u; then the values of v will all be 
unequal to each other, and the quantity a will enter 
into them; and if these values are substituted in place of 
PI P'r P", &C, one will have, at the end of the calcula- 
tion, values of x,y,z in which the quantity a will no 
longer be found. 
We shall see that when Lagrange, who was familiar with 
d’Alembert [1750], attempted to handle the case of multiple 
roots by the latter’s approach, he was led to an incorrect 
conclusion about the significance of multiple roots that was to 
remain a source of confusion for over a century and played a 
significant role in motivating Weierstrass’ contributions to 
spectral theory. 
Armed with his method of integration, d’Alembert was able to 
provide a more satisfactory analysis of the swinging string 
problem in the second edition of his Trait6 [1758, Art 130ff]. 
In the first edition [1743, Art 1071, he had given an obscure 
argument, based upon physical considerations, that the roots of 
the equation obtained by the above-indicated type of elimina- 
tion (but corresponding to the case of an arbitrary number of 
masses) had to be real. This seemed necessary to insure the 
reality of the solutions he obtained. Despite its vague and 
unconvincing nature, d’Alembert repeated the argument in the 
second edition (Art 129)) but he also added another argument 
(Art 131) that was made possible by his ability to integrate 
systems of linear differential equations. 
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By consideration of the solutions corresponding to n = 3 
and ax/at = dy/dt = dz/dt = 0 when t = 0, d'Alembert showed 
that unless the roots of his cubic were real, the solutions 
would contain exponentials of the form .ef6t, 6 # 0, which would 
be impossible "because of the nature of the problem." That is, 
the problem concerned a swinging string, and the displacements 
X,Y,Z of the masses from the vertical must consequently remain 
small; but this would not be the case if the x y z contain 
exponentials e+6t "because then they would increase to infinity." 
Thus d'Alembert linked the reality of the roots of his auxillary 
equation to the stability of the mechanical system under consid- 
eration. Of course, he saw no connection between the symmetry 
of his coefficients -- not even evident in his notation -- and 
the reality of the roots. 
The above presentation of d'Alembert*s work reveals a certain 
degree of incompleteness. In [1750] and [1758] he had simply 
illustrated his method for the case of three variables, thereby 
avoiding the algebraic difficulties of the n variable case. 
Even in the case of three variables, he had not explicitly 
determined x,y,z as functions of t and the initial conditions. 
These details were left for the reader to work out from (9) and 
specific initial conditions. Likewise, the actual solution for 
the case of multiple roots was left to the reader. These gaps 
were filled by Lagrange in the course of a lengthy memoir [1766]. 
Some of Lagrange's earliest publications had dealt with the 
above-mentioned mechanical problems, namely his oft-cited contri- 
bution to the vibrating string controversy [1759b] as well as 
his [1761?]; and the first of these indicates Lagrange's 
familiarity with d'Alembert's method of solving systems of linear 
differential equations by means of an eigenvalue problem [1759b, 
72f]. 
In [1766] Lagrange Considered the problem of integrating the 
system 
(10) d2yi/dt2 + i i - 1,2,...,n 
k=l 
AikYk = 0, 
with arbitrary initial conditions and no restrictions on the 
coefficients Aik* The eigenvalue problem upon which the solu- 
tion to (10) depends was expressed by Lagrange in the form 
(111 p2X + AtX = 0, A = (Aik), 
where p2 must satisfy an nth degree equation obtained by 
elimination of the coordinates xi of x from (11). Lagrange's 
solution to (10) was a brilliant algebraic tour de force, 
although we shall not pause to describe it here. [2] From the 
viewpoint of this essay, the salient feature of Lagrange's 
analysis is his discussion of the nature of the eigenvalues 
which, of course, occur in his solution. (Lagrange expressed 
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the solution as a linear combination of functions 
(U2) (exp[pitl + exp[-Pitl) and (1121 (exp[pitI - exP[-PitI/pi, 
where the pi2 are the roots of the characteristic equation.) 
Lagrange showed that, whether the roots p2 are real or 
complex, the solutions to (10) are always real. Hence as far 
as the purely mathematical problem is concerned, the nature of 
the eigenvalues is of no interest. But their nature is relevant 
to the behavior of the solutions as t + m , and that has 
physical significance. Thus, as d'Alembert concluded already 
in [1758], the roots must be real and negative. Likewise 
Lagrange concluded that order that the system (10) represent the 
motion of a system of masses near a stable equilibrium point, 
the eigenvalues p2 must be real and negative. (A zero eigen- 
value was also ruled out by stability considerations.) 
Lagrange also perceived that multiple roots might be incom- 
patible with stability. He was forced to consider the case of 
multiple roots because his elegant solution to (10) was 
meaningful only when all the roots are distinct. Thus he 
sought to modify the form of the solution to cover the case of 
multiple roots [1766, 528ff]. He considered the simplest case: 
the characteristic equation has one multiple root, a double 
root Pf - Proceeding much like d'Alembert, Lagrange turned to 
the form of the solution corresponding to the distinct roots 
pl,pl + w , P~,...,P,, where u is an "evanescent quantity." 
By manipulating his original solution for these distinct roots 
and making somewhat obscure approximations, Lagrange ultimately 
arrived at a form of solution not containing any w's -- as 
d'Alembert had predicted. The form of solution for a multiple 
root was not without consequences since it implied that if 
p2 < 0 is a root of multiplicity m , the formulas for the yi 
will contain terms of the form i?-loos rt and tmW1sin rt, r = q. 
Thus, for suitably chosen initial conditions, the yi(t) would 
not remain bounded as t + m . 
It therefore appeared that stability was incompatible with 
multiple roots p2 < 0 . A subtle error was thus introduced. 
It is subtle because multiple roots can indeed produce unbounded 
solutions. It depends, of course, upon the Jordan canonical 
form of A . When, for example, A is symmetric, the solutions 
are always bounded. But when Lagrange wrote [1766] he had no 
idea that symmetry properties of the coefficients 
relevant to stability. 
Aij were 
Furthermore, he was not really interested 
in establishing stability by pure mathematics, especially when 
it could be inferred from the very nature of the physical 
problem. This attitude is reflected in his application of the 
general solution to (10) to the special case of the swinging 
string [1766, Art 361. 
For the swinging string with n equal, equally spaced masses 
the coefficient matrix A simplifies considerably, most of the 
coefficients being zero. A is also symmetric. Lagrange 
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realized this in the sense that his method of integrating (10) 
involved considering both A and At which are identical for 
the swinging string. [2] Because A is fairly simple, Lagrange 
was able to write down the equation of the characteristic 
polynomial, which turns out to be what was later termed the nth 
Laguerre polynomial. At that time nothing was known about the 
nature of its roots. Here, then, was a mathematical problem: 
Show that the solutions to the differential equation for the 
swinging string are stable by showing that the roots of this 
polynomial are negative and distinct. 
Lagrange, however, expressed no interest in this problem. 
On the contrary: 
Although it would be difficult, perhaps impossible, to 
determine the roots of the equation in general, one can 
nevertheless be assured by the very nature of the problem 
that these roots are all real, unequal, and negative; 
for otherwise the values of [the solutions to the 
differential equation] y',y",y"', . . . could increase to 
infinity, which would be absurd. [1766, 5381 
As these remarks indicate, Lagrange never questioned the com- 
plete agreement between his mathematical model and the physical 
system. He was thus able to avoid the mathematical problem by 
appealing to the physical context, as had d'Alembert before him. 
What was needed was a physical problem sufficiently complex 
that stability would not be as self-evident as in the case of 
the swinging string. Such a problem was provided by astronomy. 
While Lagrange was studying systems of linear differential 
equations in the 1760's, he was also working on problems in 
celestial mechanics. In 1764 he won the prize of the Paris 
Academy for a memoir on the libration of the moon, and in 1766 
he again won a prize for a memoir on the satellites of Jupiter. 
In the same year he left Turin to fill the position at the Berlin 
Academy vacated by Euler. At Berlin, Lagrange continued to work 
on problems in celestial mechanics, and in 1774 he sent off an 
important memoir [1778] to the Paris Academy on the secular 
perturbations of the planetary orbits. 
In [1778] Lagrange showed that by making suitable approxima- 
tions and transformations, the parameters determining the 
planetary orbits, such as the eccentricities of the orbits and 
their angles of inclination to the plane of the ecliptic, could 
be expressed in terms of linear differential equations. For 
example, the differential equations yielding the eccentricities 
ei = ei(t) are of the form: 
dhi/dt + C Aikllk = 0 
k 
(12) (i = 1,2,3,...), 
dlli/dt - C Aiknk = 0 
k 
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where ez = hi + Rz . The coefficients Aik are given by 
formulas which de 
of the ith and kt K 
end upon the masses and mean solar distances 
planets. Actually Lagrange did not derive 
(12) but similar equations for the nodes and inclinations of the 
orbits. The above equations were derived by Laplace following 
Lagrange's approach. To avoid unnecessary complication, we 
shall refer to (12) in discussing both Lagrange and Laplace. 
Lagrange was familiar with systems of linear differential 
equations by virtue of his earlier work, and he showed that they 
can be solved by means of the eigenvalue problem AX = AX, A = (Aik). 
He was thus able to obtain formulas showing how the orbital para- 
meters, expressed as linear combinations of sin()cit + Ci) and 
coS()iit + di) 9 varied with time t . With his earlier paper 
[1766] undoubtedly in mind, he added the following remark: 
Before concluding this article, it must be noted that, 
although we have supposed the roots . . . of the equation 
. . . to be real and unequal, it can nevertheless happen 
that equal of imaginary [=complex] ones exist; but it 
is easy to resolve these cases by known methods: we 
will observe only that . . . in either case, the quantities 
in question will increase with t; consequently the 
preceding solution will cease to be exact after a certain 
time; but fortunately these cases do not seem to occur 
in the system of the world. [1778, 665-61 
Lagrange thus invoked the apparent stability of the solar system. 
He was content to adopt essentially the same attitude he had 
taken in connection with the swinging string problem: the nature 
of the eigenvalues was not so much a pressing or interesting 
mathematical problem as a consequence of the physical system 
under consideration. 
When the manuscript of Lagrange's memoir [1778] arrived in 
Paris, it was read with great interest by Laplace, who was then 
a young man of 24 just beginning to establish himself as an 
outstanding mathematical astronomer. Well before Lagrange’s 
memoir appeared in print, Laplace had composed two of his own 
[1775, 17761 in which he called attention to Lagrange’s methods 
and extended them to obtain analogous results for the other 
orbital parameters, including (12). What is particularly 
interesting about these memoirs is that Laplace took a decidedly 
different position on the question of the nature of the eigen- 
values : 
The preceding equations [AX = fX] yield one of degree n, 
if there are n planets: now, if this equation contains 
imaginary roots, exponential quantities necessarily enter 
into the values of [hi and 'li] . . . . and since these 
quantities can increase to infinity, the preceding solu- 
tion would hold for a limited time only: it is thus very 
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important be be assured whether the equation can possess 
imaginary roots, and in what number' they can occur. 
This discussion seems to me to be worthy of the utmost 
attention of geometers; I will content myself here with 
the observation that, if only two planets are considered, 
as has been done up till now in the theory of Jupiter' 
and Saturn, the equation in f always has two real roots.... 
[1776, 4641 
The omission of multiple roots in this passage is not significant, 
for in his subsequent publications Laplace repeated Lagrange's 
views on multiple roots, perhaps without ever attempting to 
justify them. 
Laplace was apparently not ready to accept the stability of 
the solar system as a basic assumption. He was consequently 
confronted with a purely mathematical problem, and it appeared 
as difficult as it was important. Perhaps it seemed too 
difficlut or too purely mathematical for Laplace -- a problem 
more suited to Lagrange's tastes. In any case, Laplace does 
not appear to have worked on it. A decade passed before he 
returned to the matter, prompted, we suggest, by some comments 
made by Lagrange. 
Most of Lagrange's publications on the theory of secular 
variations had been presented to the Paris Academy. Perhaps 
feeling an obligation to the Berlin Academy, he decided to 
rework his results and presented them there in 1781-82 as a 
comprehensive two-part memoir [1783, 17841. The first part was 
devoted to the development of the mathematical theory, and the 
second applied the results to numerical computations. It is in 
the computational part that Lagrange turned to the mathematical 
problem of the nature of the eigenvalues. 
Lagrange had carried out the computations for a four-planet 
system and determined that the roots of the associated fourth- 
degree characteristic equation were real and distinct. He 
realized, however, that the characteristic roots depended upon 
the coefficients Aij and hence upon the values assigned to 
the masses of the planets, values that were not exact. Therefore: 
One could wonder whether, by changing these values, 
perhaps equal or imaginary roots might occur. In order 
to eliminate all doubt it would be necessary to demon- 
strate, in general, that the roots of the equation will 
always necessarily be real and unequal, whatever the 
values of the masses, provided only that they be positive. 
That is easy when the mutual action of only two planets 
is considered simultaneously, since then the equation is 
only of the second degree; but this equation becomes 
more and more complicated and higher [in degree] as the 
number of planets increases. That is why it becomes 
more and more difficult to judge the quality of the 
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roots a priori. Nevertheless it does seem possible to 
decide the question in a general manner by some sort of 
artifice; and since this is a subject equally interesting 
for analysis and physical astronomy, I intend to take it 
up. For the time being I shall content myself with the 
remark that, in the present case, the roots found are too 
different from each other for a small change to be capable 
of making them equal or imaginary. [1784, 316-71 
When Lagrange sent a copy of [1784] to Laplace, he wrote 
apologetically: 
I wanted to dispense with sending you what I have had 
printed this year as not containing anything stimulating 
for you; but since you have received the first part of 
this work, I think I should present the second to you as 
well. [Lagrange 1867-92, vol. 14, 1311 
Lagrange was mistaken about the inspirational value of part two. 
His remarks on the problem of the nature of the eigenvalues seem 
to have renewed Laplace's interest in it, and that same year 
(1784) Laplace added a solution at the end of a memoir [1787] 
primarily devoted to various aspects of the theory of secular 
perturbations. Although Laplace does not explicitly acknowledge 
any inspiration from Lagrange's remarks, he specifically refers 
[1787, 901 to that portion of Lagrange's [1784] containing the 
above quotation. 
Laplace admitted that it would be very difficult to establish 
the reality and distinctness of the eigenvalues by directly 
studying the characteristic equation. He therefore turned to 
the physical theory, from which he had derived, in the first 
part of [1787], the equation 
(13) C mi [ai(l - ef)]1/2 = const., 
i 
where mi,ai,ei denote the mass, mean distance to the sun and 
eccentricity of the ith planet. He then observed [1784, 901 
that if the ei are assumed to be "very small" the binomial 
expansion yields the approximation [ai(l - ej)]j/' = aii2(l - l/Ze:) 
which, when substituted in (13), yields 
(14) C mia:'2e2 = const. 
i 
From (14) Laplace then deduced the desired properties of the 
eigenvalues in the following manner [1787, 89-911. 
Since es = hi2 + %l and the hi, Iii are solutions to the 
differential equations (12), Laplace wrote down a general 
expression for the solution to (12), including the possibility 
of complex or multiple roots. Substituting this in (14), he 
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obtained an equation showing that the terms in the formulas for 
hi, Ri caused by multiple or complex roots must vanish, i.e. 
that there cannot be any complex or multiple roots. 
Laplace's deduction of the nature of the eigenvalues from 
(14) was, of course, not rigorous. It was based upon knowing the 
general solution to the differential equation (12), and this had 
not been rigorously established -- or even correctly formulated 
-- for multiple roots. That Laplace should find his proof 
convincing, however, is understandable. Par less understandable 
is another aspect of his reasoning, namely that leading to (14). 
The objective of Laplace's discussion was "to establish in a 
general manner that the eccentricities and the inclinations of 
the orbits of the planets are constantly confined within narrow 
limits" [1787, 881. To establish this result he proved, via 
(14), that the eignevalues must all be real and distinct. But 
to obtain (14) from (13) he had to assume that the eccentricities 
ei are very small (for all t since (14) must hold for all t). 
He thus assumed what he proposed to prove! 
Laplace's argument was really no more convincing than 
Lagrange's initial assurance that "these cases do not seem to 
occur in the system of the world." Nevertheless there was one 
quite significant difference. Laplace had focused attention 
upon equation (14) as a key relationship for deducing properties 
of the eigenvalues. Later he discovered that (14) follows 
directly from the differential equations (12). That is, he 
discovered it is possible to derive (14) directly from (12) by 
making use of symmetry properties of the coefficients A-. 
that had hitherto been ignored, thereby indicating a con&tion 
between symmetry and properties of eigenvalues. 
Before turning to Laplace's discovery, I consider Lagrange's 
treatment of eigenvalue problems and stability in his Mkhanique 
analitique [1788], since it is remarkably similar to the 
treatment in Laplace's memoir [1787]. In Part II, Section V, 
Lagrange turned to the mathematical analysis of a discrete 
system of masses near equilibrium. Using the Lagrangian 
equations of motion, he showed that such a system can be charac- 
terized by a system of linear differential equations 
n n 
(151 c Aijd2qj/dt2 + C Bijqj = 0, 1 = 1,2 ,..., n, 
j=l j=l 
where Aji = A *. and Bji = Bij. The solution to (15) is given 
as a linear corn inations of functions 3.
the Ai are the solutions to 
sin(h:12t + Ei), where 
(16) EX = XPX, A = (Aij) B = (Bij) 
Probably as a result of the developments in celestial 
mechanics discussed above, Lagrange showed more concern over 
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the nature of the eigenvalues than he had in [1766]: 
Since the preceding solution is based on the assumption 
that the variables [gi] . . . are very small, it is 
necessary for its validity that this assumption actually 
holds; this requires that the roots [Xi] . . . are all 
real, positive and unequal... [1788, (11,V) Art 111. 
The nature of the roots is the subject of Article 14. 
Lagrange begins by pointing out, as had Laplace, that it would 
be very difficult to establish the properties of the roots by 
working directly with the characteristic equation. Instead he 
proposes to indicate some features of the problem “which will 
serve to determine the form of the roots in question in a large 
number of cases.” 
Lagrange’s remarks are based upon the fact that the coefficients 
A. lj' Bij determine the quadratic functions 
T=C 
i,j 
Aij(dgi/dt)(dgj/dt), V = C 
i,j 
Bijqiqj 9 
which represent the quadratic parts of the kinetic and potential 
energy functions. Since T derives from the kinetic energy, 
the corresponding quadratic function x%x is positive for all 
(real) X # 0. Lagrange had earlier (Part II, Section III) 
argued that the condition for a stable equilibrium is that XtBX 
also be positive definite (as we would say). If this is assumed, 
then, since (16) implies that A = (XtAX)/(XtBX), it follows 
that if X is real, so that x is also real, then A is 
positive. But are the eigenvalues real? According to Lagrange, 
it “would perhaps be difficult to prove directly that they must 
all be real; but one can be convinced that this is the case in 
another manner. ” 
What Lagrange had in mind-was an appeal to the physical 
theory. Turning to the principle of conservation of energy, he 
concluded that the quadratic approximations T and V also 
satisfy the relation 
(17) T+V=C, 
where c is constant. This is similar to Laplace’s derivation 
of (14) from (13); in both derivations is is assumed that higher 
order terms can be neglected. From (17) and the positivity of 
T, it follows that 0 I V 1. C. From the boundedness of v, 
Lagrange could then conclude that the variables qi are like- 
wise bounded and, since they are solutions to the differential 
equations (15), he concluded that the eigenvalues must be real, 
positive and unequal. 
Lagrange’s equation (17) thus plays the same role as Laplace’s 
equation (14). Both had been deduced from the physical theory, 
including the assumption of stability (neglecting higher order 
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terms). But neither Laplace nor Lagrange had realized that 
they can be derived directly from the respective systems of 
differential equations by exploiting the symmetry properties of 
the coefficients in the eigenvalue problem. Laplace was the 
one to make this discovery, deeming it worthy of a special 
memoir [1789]. 
The coefficients Aij that occur in (12) are given by formulas 
from which it is easily seen that 
(181 4/‘A. , = mj4/2A.. . 13 31 
Laplace, however, was the first to perceive the importance of 
this "very remarkable" symmetry property. He used it in the 
following manner to derive (14). From (12), 
hi(dhi/dt) + Ri(dlli/dt) = ~ (hk”i - hi"k)Aik . 
If both sides are multiplied by miaji2 and the resulting 
equations summed over i, the result is: 
C miai12[hi(dhi/dt) + ~i(dai/dt)] = C [hkai - hiak]mia!/2Aik- 
i i,k 
By virtue of the symmetry relation (18), the (i,k) and (k,i) 
terms of the right-hand side of the above equation add to zero; 
and therefore 
C miai/2[hi(dbi/dt) + %i(d!&i/dt)] = 0 
i 
which yields upon integration 
C 
i 
m ali2(h2 + &i', = C. ii i 
Since ei 2 hi + RI, this is equation (14) of Laplace's earlier 
paper [1787], from which the properties of the eigenvalues are 
now deduced as in that paper. 
"I thought," Laplace proudly added -- perhaps with 
Lagrange in mind -- "that it would be pleasing to see the same 
equations [e.g. (14)] result directly from the differential 
equations which determine the secular variations of the orbits" 
[1789, 3001. He was fully aware of the generality of his 
reasoning -- i.e., that it was independent of the number of 
planets and the values assigned to their masses. In fact his 
reasoning clearly remains valid for any system of coefficients 
Aij Satisfying PiAij = PjAfi, 
symmetric systems (all pi = 1). 
with all pi > 0, and hence for 
Laplace had thus exhibited the 
first purely mathematical theorem, complete with demonstration, 
on the nature of the eigenvalues of an extensive and important 
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class of matrices. (He still deduced the reality and distinct- 
ness of the eigenvalues as he had before, so that his proof was 
not rigorous.) Laplace reproduced his proof in even greater 
detail in the first volume of his M6canique c6leste [1799, 318ffl.. 
It is natural to expect that work on the theory of secular 
perturbations played a decisive role in the subsequent develop- 
ment of spectral theory. Some historians [F. Klein 1927, 26- 
27; Jammer 1966, 215f] seem to have assumed it did play such a 
role, although no one appears to have appreciated the signifi- 
cance of Laplace's contribution. As we have seen, Laplace had 
discovered that properties of the roots of the characteristic 
equation, no matter how high its degree, can be deduced from 
symmetry properties of the corresponding system of coefficients. 
Previously it had appeared necessary to appeal to peculiarities 
of the physical context. Laplace's work thus indicated the 
possibility of an underlying mathematical theory. If historical 
developments always followed a straightforward, rational pattern, 
it would certainly have played a decisive role in ushering in 
the second stage in the history of spectral theory, when it 
became strictly mathematical. However, the actual historical 
process seems not to have followed the expected rational course. 
The research activity on spectral theory during the 19th 
century was actually initiated by a paper of Cauchy [1829]. 
Historians seem to have assumed the importance of the theory of 
secular perturbations because of Cauchy's suggestive title 
"Sur 1'6quation B l'aide de laquelle on determine les inegalitits 
sQculaires des mouvements des plan&es." An examination of 
Cauchyls activities and interests in the period preceding the 
publication of [1829] suggests, as we shall indicate below, 
that, appearances notwithstanding, Cauchy's paper was not 
motivated by astronomy. The link with astronomy goes no deeper 
than the title which was tacked on at the last minute when 
Charles Sturm called Cauchy's attention to the connection with 
secular perturbations. Cauchy actually owed much more in the 
way of inspiration to Lagrange and to the academic program at 
the Ecole Polytechnique. 
Lagrange's influence upon Cauchy had nothing to do with the 
work he had done on physical problems that involved systems of 
linear differential equations. In a sense, it stems from 
Lagrange's conception of the science of mechanics. As he 
explained in the preface to his M&hanique analitique [1788]: 
I have set myself the problem of reducing this science, 
and the art of solving the problems pertaining to it, to 
general formulas, the simple development of which gives 
all the equations necessary for the solution of each 
problem.... No figures will be found in this work. The 
methods I expound in it require neither constructions 
nor geometrical or mechanical reasoning, but only 
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algebraic operations subjected to a systematic and 
uniform progression. Those who like analysis will be 
pleased to see mechanics become a new branch of it and 
will be grateful to me for having thus extended its 
domain. 
A good illustration of Lagrange's conception of mechanics is 
provided by his treatment of the rotational motion of a rigid 
body, and it was in this context that Lagrange's approach was 
to motivate Cauchy's work. 
Rotational motion had first been successfully treated by 
Euler [1765a, 1765b] on the basis of his discovery that a rigid 
body possesses three mutually perpendicular principal axes 
(Euler's term) with respect to which the product moments of 
inertia vanish. Their existence was established by determining 
the axes for which the moment of inertia takes an extreme value, 
the moment of inertia being expressed in terms of the angles 
the axis makes with a fixed coordinate system. Euler's intro- 
duction of principal axes and his resolution of the problem 
marked an important advance in mechanics, which was another 
Eulerian triumph for the analytic, as opposed to the geometrical, 
approach. On the other hand, Euler's work was not analytical 
in the extreme sense used by Lagrange in the above quotation, 
and we find Lagrange presenting a new analysis of the problem 
in [1775]. 
Lagrange's stated objection to Euler's solution concerned 
the latter's use of the principal axes as a starting point. 
The problem, he felt, should be considered "in itself" and 
resolved "directly and independently" of the properties of the 
principal axes, which should follow as consequences of the 
analysis rather than be its starting point. What Lagrange 
wished to do (and Euler had not) was to reduce the mechanical 
problem to analysis in the sense later articulated in the preface 
to Mgchanique analitique: "The merit of my solution, if it has 
one, thus consists solely in the Analysis I employ...." [1775, 
5801. In particular, in Lagrange's approach, the role formerly 
played by the principal axes is taken over by a purely algebraic 
theorem -- a quadratic form in three variables can be trans- 
formed into a sum of square terms by an orthogonal transformation 
of the variables. 
In discussing Lagrange's solution to the problem, we shall 
follow the slightly different treatment in Mgchanique analitique 
[1788, Pt. II, Sect. VI] for it was probably the version that 
Cauchy read. (The treatment in the second (1815) and subsequent 
editions is essentially the same as in the first. See the 
bibliography for section number in later editions.) After 
deducing, from general principles, differential equations des- 
cribing the rotational motion of a rigid body, Lagrange observed 
that they can be integrated by making a linear change of variables 
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(19) 
p = p'x + p"y + pW'z 
9 = q'x + q"y + qW'z 
r = r'x + r"y + r"'z 
which transforms the quadratic function 
T = (J/2) (Ap2 + Bq2 + Cr2) - Fqr - Gpr - Hpq 
into a sum of squares 
(20) T = (1/2)(ax2 + By2 + yz2) 
in such a manner that 
(211 p2 + q2 i r2 = x2 + y2 + z2. 
Furthermore, Lagrange observed that (21) implies that the 
coefficients of the transformation (16) must satisfy the further 
relationships 
(P')2 + (qe)2 + (r')2 = 1 p'p" + q'q" + rrrw = 0 
(221 (P")2 + (q”)2 + (rfr)2 = 1 p’p”’ + q’q”’ + r’r’” = 0 
(P"' ) 2 + (,nr ) 2 + (r##r ) 2 = 1 p"p"' + q"q"' + r"r'" = 0. 
The linear transformation (19) with coefficients satisfying 
(22) is what is now called an orthogonal transformation. Such 
transformations were also employed by Lagrange in a paper YSur 
l'attraction des spheroides elliptiques," which, along with 
117757 was presented to the Berlin Academy in 1773. It should 
be noted that the customary formulas for rotation of axes, 
given by Euler in [1748], were 
X = tcos 5 + usin cosn - vsinc sinn 
(23) y = -tsin 5 + ucos 5 cos 11 - vcos 5 sinn 
z = usinn + vcosrl 
Although the coefficients in (23) naturally satisfy (22), the 
form (19)/(22) is not only more symmetric but also more sugges- 
tive. That is, using (22) the possibility of extending the 
motion of an orthogonal transformation to any number of vari- 
ables is immediately clear. Such an extension was made by 
Cauchy, although in certain respects both he and Lagrange were 
anticipated by Euler's work on orthogonal magic squares. [31 
Lagrange showed that to prove the existence of the transfor- 
mation (19) satisfying (22) one can consider the eigenvalue 
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problem AX = Xx, where A is the matrix of coefficients 
determined by the quadratic function T. The eigenvalues, he 
showed, are A = CL, 8, y of (20); and the coefficients of the 
transformation (19) are obtained from the corresponding eigen- 
vectors. The possibility of transforming T into (20) thus 
depended upon the reality of the eigenvalues. In this case 
Lagrange could not make use of the physical context, but since 
the characteristic equation was cubic, he was able to establish 
the reality algebraically. 
Lagrange had indeed reduced the consideration of principal 
axes to pure algebra. Moreover, he had formulated it in such a 
manner that it can be regarded as a special case of a more 
general algebraic problem: Given a quadratic form in n 
variables does there exist an “orthogonal transformation” -- i.e. 
a transformation satisfying relations analogous to those in 
(22) -- that transforms the form into a linear combination of 
squares? Furthermore, Lagrange’s treatment indicated that the 
solution of the problem depends upon the reality of the eigen- 
values. It was precisely this generalized version of Lagrange’s 
problem that Cauchy considered in [1829]. 
3. Cauchy 
This section will be devoted to establishing: (1) the link 
between Lagrange and Cauchy, (2) the lack of such a link with 
Laplace and secular perturbations, and (3) the significance to 
his contemporaries of Cauchy’s memoir [1829]. Of central impor- 
tance here is the relationship between Cauchy’s memoir and the 
educational program at the Ecole Polytechnique. 
Under the guidance of Monge, the “application of algebra to 
geometry” - - analytic geometry -- had become a vital component 
of that program [e.g., Boyer 1956, ch. 7; Taton 19641. As the 
outline prepared by Monge and Hachette [1802] indicates, a 
central part of the study of analytic geometry was the classifi- 
cation of quadric surfaces -- that is, surfaces defined by an 
equation of the form quadratic equation in three variables. 
Euler had initiated the study of these surfaces in an appendix 
to the second volume of Introductio in analysin infinitorum 
[1748]. The classification is based upon the fact that a central 
quadric surface -- that is, one with an equation of the form 
3 
c A. .x,x. = M 
i,j=l 
=J = 3 
-- can be expressed in the form 
(25) 
3 
c =M 
i=l 
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with respect to a suitably chosen rectangular coordinate system. 
Thus it was necessary to prove that a quadratic form in three 
variables can be transformed into a sum of square terms by-a 
change of rectangular coordinates. 
Euler had not bothered to provide a proof in the sketch he 
presented, although he briefly indicated the approach [1748, 
Art.1141 later developed into a proof by Hachette and Poisson 
[ 18021. The idea is to make a change of variables of the form 
(23) and to write down the equations which state that the tu 
and uv terms of the resulting quadratic in t,u and v 
vanish. With suitable manipulation these equations yield a 
cubic equation in the tangent of one of the angles in (23). 
Since a cubic equation with real coefficients must have at least 
one root, it followed that the transformation (23) could be 
chosen so that the tu and uv vanish. A further orthogonal 
transformation can then be chosen to remove the tv term. 
The Hachette-Poisson approach to the principal axis theorem, 
which became the standard one in the early 19th century, differs 
markedly from Lagrange’s. The link with an eigenvalue problem 
is missing. In fact, it was only later that J. Bret, a former 
student at the Ecole, observed [1812] that the cubic having the 
=i of (25) as its zeros can be expressed in terms of the 
original coefficients Aij of (24) as f(x)=x3 - (A11+A22+A33)x2 
+ . . . . The cubic f(x) is the characteristic polynomial 
associated with AX = AX, and Bret’s observation, together 
with the proof of Hachette and Poisson, implies that its roots 
must always be real. Bret, however, did not regard f(x) as a 
determinant or in terms of an eigenvalue problem. Although 
Hachette’s subsequent exposition of quadric surfaces [1813, 1521 
did make a connection between the transformation of the equation 
for a quadric surface and an eigenvalue problem, the connection 
remained incidental until the work of Cauchy. For example, it 
is missing in Biot’s popular exposition of quadric surfaces 
[ 18261. 
Cauchy was a “polytechnicien” and became a professor at the 
Ecole in 1815. He was obliged to concern himself with the 
exposition of analytic geometry, including the theory of quadric 
surfaces and their principal axes, which were also of interest 
to Cauchy because they played an important role in his ground- 
breaking work on the theory of elasticity. [4] His own exposi- 
tion of quadric surfaces appeared in Leyons sur les applications 
du calcul infinithimal a la gkmetrie , in which an eigenvalue 
problem and its associated characteristic equation were central 
[1826, 248f]. Another novel feature was his direct proof that 
the characteristic equation remains invariant under orthogonal 
transformations, a result implied by Bret’s observations. 
Using this invariance and the approach of Hachette and 
Poisson, Cauchy proved that the roots of the characteristic 
equation are real. He was clearly interested in this property 
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and various ways of proving it, for on 20 November, 1826 he 
announced another demonstration in a brief note [1830] presented 
to the Acad6mie. The opening lines are especially instructive: 
It is known that the determination of the axes of a 
surface of the second degree or of the principal axes 
and moments of inertia of a solid body depend on an 
equation of the third degree, the three roots of which 
are necessarily real. However, geometers have succeeded 
in demonstrating the reality of the three roots by 
indirect means only, for example by resorting to a 
transformation of coordinates in space . . . or by showing 
that one would arrive at absurd conslusions if two 
imaginary roots are assumed. The question that I 
proposed to myself consists in establishing the reality 
of the roots directly.... 
These remarks indicate that Cauchy was familiar with Lagrange’s 
treatment of principal axes because the latter’s reality proof 
was the only one that involved showing that the assumption of 
two imaginary roots leads to a contradiction. ES1 
At the end of the previous section I indicated the generali- 
zations suggested by Lagrange’s treatment of principal axes. 
In his 1826 note to the Paris Academy Cauchy explicitly formu- 
lated those generalizations, noting that the principal axes 
theorems follow as special cases. Detailed proofs of these 
results were then given in his [1829]. Lagrange and Laplace 
had struggled to establish the reality of the roots of an nth 
degree characteristic equation, but for Cauchy the general, n- 
variable case was no more difficult than the case of three 
variables. It was simply necessary to make use of determinants 
in the n-variable case. For example,‘Cauchy began his paper 
[1829] by proving the reality of the eigenvalues of a real 
symmetrix n-by-n matrix by what is nothing more than Lagrange’s 
proof translated into the language of determinants and extended 
to n variables. 
For a full appreciation of the significance of Cauchy’s use 
of determinants, it is necessary to briefly recall his role in 
the development of their theory [Muir 19061. During the second 
half of the 18th century the study of systems of linear equations 
had generated some interest in the special functions of the 
coefficients of the system involved in the solution, i.e. 
determinants. Attention focused upon formulating recipes for 
computing determinants, and only a few of their properties were 
discovered as byproducts. Many mathematicians declined to 
employ determinants explicitly. Both Lagrange and Monge, for 
example, derived complicated formulas of analytic geometry that 
could have been,but were not, expressed in terms of determinants. 
One of Cauchy’s earliest publications was a memoir [1815] 
on the theory of determinants. In that brilliant work Cauchy 
HM2 Cauchy and Spectral Theory 21 
relaid the conceptual foundations of the theory and proceeded 
to demonstrate the fruitfulness of his approach by systematically 
deriving many new and general theorems, such as the product 
theorem. As Muir has pointed out [1906, 1301, Cauchy's memoir 
was so mature and complete that little was added to the general 
theory of determinants during the remainder of the 19th century. 
When Cauchy became interested in proofs of the reality of the 
roots of the characteristic polynomial, he would naturally have 
regarded the matter in the light of his theory of determinants 
since he recognized this polynomial as a determinant. It seems 
likely that the generality of his theory of determinants -- the 
size of the determinant being irrelevant -- together with the 
suggestiveness of Lagrange's treatment of principal axes, 
prompted him to generalize the principal axes theorem and to 
stress the connection with an eigenvalue problem. His generali- 
zations were thus generalizations simply for the sake of 
generalization, an additional motivating factor being that they 
provided an application of his theory of determinants. It is 
very doubtful that Cauchy would have missed the opportunity, 
in his note of 1826 to the Paris Academy, to point out the 
relevance of his generalizations to the theory of secular pertur- 
bations had he been aware of the connection. But he did not, 
and the title of his announcement was: "Mbmoire sur 1'6quation 
qui a pour racines les moments d'inertie principaux d'un corps 
solide et sur diverses equations du mBme genre." Cauchyls 
[1828] likewise reveals no recognition of any connection with 
astronomy. 
How then did Cauchy arrive at the title of his [1829] which 
indicates recognition of the connection with astronomy? The 
answer is suggested by Cauchy's concluding remark there: 
I observe in concluding this article, that, at a time 
when I had still written onl'y a part of it, M. Sturm told 
me he had succeeded in demonstrating theorems I and II 
very simply. He plans immediately to publish the Memoir 
that he has written on this subject and which was offered 
to the Academy of Sciences the same day as the present 
article. 
The encounter with Sturm, we suggest, opened Cauchy's eyes to 
the relevance of his theorems to the theory of secular pertur- 
bations. As will be indicated, Sturm, much more than Cauchy, 
was concerned at that time with the work of Lagrange and Laplace 
that involved systems of linear differential equations and 
eigenvalue problems. 
Charles Sturm (1803-1855) had moved to Paris from Geneva in 
1825 in order to further his scientific education. [61 
Although he attended lectures on mathematics by Cauchy and 
Lacroix, the direction that his career took was due largely to 
the influence of Fourier. Following Fourier's advice, Sturm 
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gave high priority to those areas of analysis that were useful 
in physics. He was particularly interested in systems of linear 
differential equations. Such a system arises very naturally 
from a problem in heat conduction that interested Sturm [B&her 
1912, esp. 4-51 [7] , and he was also familiar with the related 
work of Lagrange and Laplace in mechanics and astronomy. Indeed 
it is quite clear that Sturm appreciated that Laplace had 
established the possibility of a purely mathematical theory of 
eigenvalues. 
Sturm sought to advance that theory further and free it from 
consideration of the associated differential equation by using 
results he had obtained on the number of real roots of a poly- 
nomial equation in a given interval. Fourier had obtained an 
upper bound for that number, and Sturm, who had access to these 
results in manuscript form, saw that Fourier's methods could be 
extended to yield theorems specifying the exact number of real 
roots in an interval. Since the characteristic equation 
associated with an eigenvalue problem is a polynomial, Sturm 
sought to apply his results to the problem of demonstrating the 
reality of the eigenvalues. In this manner Sturm was led to 
results similar to Cauchy's, but his proofs were significantly 
different. They were not as rigorous as Cauchy's (a point that 
will be discussed further in my [197?c]) and were limited to 
five variables because Sturm lacked Cauchy's theory of deter- 
minants. 
Another significant difference was motivation. Cauchy's 
results were generalizations of the principal axis theorems of 
mechanics and of the theory of quadric surfaces. (Historians 
seem to have overlooked the significance of Cauchy's paper for 
the beginnings of n-dimensional analytic geometry.) Sturm's 
results, however, represented a further development of the 
mathematical theory of eigenvalues and stability initiated by 
Laplace. When Cauchy and Sturm met and discovered the common 
nature of their results, Cauchy also undoubtedly discovered 
their relevance to astronomy and therewith the idea for a good 
title for his memoir [1829]. 
In 1829 Sturm had been appointed as an editor of the Bulletin 
des sciences math&uatiques, an abstracting journal published by 
the Baron de F6russac. Exercising his newly acquired editorial 
privilege, Sturm published a lengthy summary [1829] of the 
memoir he had submitted to the Academy. The memoir was never 
published, but the summary makes it possible to compare Sturm's 
viewpoint with that of Cauchy. As one would expect, Sturm's 
work focused on the n-variable eigenvalue problem (A+XB)X = 0, 
where A and B are symmetric and at least one of the forms 
XtAX, XtBX does not change sign. He thus covered the astrono- 
mical eigenvalue problem as well as those treated by Lagrange 
in Mkhanique analitique. The fact that Cauchy treated only 
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AX = hx reflects, and confirms, the motivation behind his work: 
the principal axis theorem and quadric surfaces. Incidentally, 
when the rigid body of quadric surface is a sphere, the charac- 
teristic equation has a multiple root or order 3. Multiple 
roots did not have to be explained away in these contexts, and 
Cauchy does not try in the n-variable case. Sturm, however, 
following the lead of Lagrange and Laplace, did try to establish 
their nonexistence. 
Some historians have attempted to grasp the significance of 
Cauchy’s work by honoring him as the first to perceive the 
common character of the mathematics underlying the various 
physical problems discussed in Section 2 [Bourbaki 1960, 115; 
Kline 1972, 8011. The above discussion indicates that such an 
honor, if it can be said to belong to anyone, belongs to Sturm 
rather than to Cauchy. Cauchy’s work was indeed significant, 
but its primary significance lies in another direction. What 
impressed Cauchy’s contemporaries was the method he employed. 
An astronomer who chanced to pick up Cauchy’s memoir because of 
the title would probably have quickly laid it aside, for it 
contained no astronomy whatsoever, not even any differential 
equations, just general abstract algebraic considerations of the 
sort Lagrange might have admired immensely. It was precisely 
the general, determinant-theoretic approach of Cauchy that was 
to appeal to Jacobi, through whom Cauchy’s work gained recogni- 
tion. 
In 1827, shortly after he had begun his academic career at 
the University of KBnigsberg, Jacobi published three papers in 
Crelle’s new mathematics journal. One [1827a] dealt with 
quadric surfaces, another [1827b] with changing variables in 
multiple integrals involving four variables, and a third [1827c] 
with Pfaff’s method of integrating differential equations. All 
three possessed a common characteristic: an evident fascination 
with algebraic manipulations that are, as he realized, essentially 
determinant-theoretic. By the time he had composed the second 
of two further papers on multiple integrals [1821, 18321, 
Jacobi had become aware of Cauchy’s [1829]. He was impressed 
by the generality and determinant-theoretic orientation of 
Cauchy’s work, and in a lengthy article [1834] he proceeded to 
rework Cauchy’s results and apply them to the transformation of 
multiple integrals in n-variables. 
The spectral theory developed in the works of Cauchy and 
Jacobi gradually made its impression on mathematicians. A first 
sign was an exposition of their work by V.A. Lebesgue [1837], 
which seems to have been prompted by the appearance of Jacobi’s 
[1834]. Lebesgue was also familiar with Sturm’s [1829], but it 
was to Cauchy’s theory of determinants that he turned to treat 
the properties of eigenvalues and the transformation of quadratic 
forms. Jacobi himself decided to present an exposition of the 
theory of determinants in Crelle’s journal [1841]. Further 
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properties of the characteristic polynomial of a symmetric 
matrix and a new proof of the reality of its roots were obtained, 
using determinants, by Jacobi's student, Borchardt [1846, 18471. 
Another of his students, Otto Hesse, began to apply determinants 
to the study of analytic geometry, as did Arthur Cayley in 
England. A good indication of the growing interest in the 
theory and application of determinants is the number of treatises 
devoted to the subject which were published in English, French, 
German and Italian during the 1850's [Spottiswoode 1851; 
Brioschi 1854a, 1856a, 1856b; Baltzer 1857, 18611. 
Thus, a quarter of a century after Cauchy's 1829 memoir, 
both its results and methods had become "basic mathematics." 
Also in the 1850's the eigenvalues of other types of matrices 
began to be studied. Brioschi proved [1854b] that the eigen- 
values of an orthogonal transformation must be of the form eie, 
and Hermite [1855] showed that Cauchy's results could be gener- 
alized to forms with complex coefficients. Finally Weierstrass 
[1858] cleared up the misconceptions concerning multiple roots 
that had figured prominently in the work of Lagrange and 
Laplace. The work of Hermite and Weierstrass, each in its own 
way, was characteristic of the changes occurring in 19th-century 
mathematics -- changes which ushered in a new phase in the 
history of spectral theory that I plan to discuss in my [197?c]. 
NOTES 
1. The research for the essays was partially supported by the 
National Science Foundation under grant GS 33488. 
2. Lagrange's solution is based upon consideration of both 
p2x + AtX = 0 and the system p2Z + AZ = 0. He made use 
of the fact that both eigenvalue problems have the same 
characteristic roots and proved that if X,Z correspond to 
distinct roots, C'XiZi = 0. 
3. We are referring lo Euler [1771]. The problem is to deter- 
mine integers in a square array so that the sum of the 
squares of each row and column is 1 and the "inner product" 
of two rows is 0. Euler observed that the coefficients of 
the rotation (23) provides an infinity of real solutions 
for a 3-by-3 square. Furthermore he considered higher 
dimensional squares and related linear transformations in 
more than three variables. Indeed Euler realized (and 
provided a proof for n = 4,s) that such a transformation 
with the above orthogonality properties could be put in the 
now-familiar real canonical for an orthogonal transformation. 
Euler's paper [1771] does not appear to have been widely 
known until its republication in Euler [1849]. (See Jacobi 
[1884].) There is, however, the possibility that Lagrange's 
use of the symmetric form (19)/(22) was inspired to some 
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extent by Euler. For in a letter to Lagrange in 1770 Euler 
discussed the "very curious" problem of determining a 4-by-4 
magic square with orthogonality properties [Lagrange 1867- 
92, vol. 14, 223-2291. 
4. See Cauchy [1823; 1827a, 68f; 1827b, 85f]. For further 
references to, and a discussion of,Cauchy's work on the 
theory of elasticity, see Freudenthal [1971, 145f]. 
5. Cauchy's new, direct proof is based upon the observation 
that in the case R = 3, f(-m) =+m, f(s') < 0, f(s") > 0 
and f(+m) = -w, where f(s) = IA - .sII and s', s" are 
the (necessarily real) roots of the minor of f(s) corres- 
ponding to the (1,l) coefficient. The proof, which fails 
in certain singular cases, was given in detail in Cauchy's 
paper [1828]. As is easily seen, that proof was suggested 
to Cauchy by his exposition in [1826]. 
6. Details on Sturm's career are from Speziali [1964]. 
7. B&her [1912] develops the interesting thesis that virtually 
all of Sturm's significant work grew out of the problem of 
analyzing the distribution of heat among finite assemblages 
of vases filled with liquids of given initial temperatures. 
Fourier himself also considered discrete systems which led 
to systems of linear differential equations [1822, Art. 251f]. 
See also Grattan-Guinness [1972, 38f]. 
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